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ABSTRACT

The periodogram is a popular tool that tests whether a signal consists only of noise or if it also includes other components. The
main issue of this method is to define a critical detection threshold that allows identification of a component other than noise, when
a peak in the periodogram exceeds it. In the case of signals sampled on a regular time grid, determination of such a threshold is
relatively simple. When the sampling is uneven, however, things are more complicated. The most popular solution in this case is
to use the Lomb-Scargle periodogram, but this method can be used only when the noise is the realization of a zero-mean, white
(i.e. flat-spectrum) random process. In this paper, we present a general formalism based on matrix algebra, which permits analysis of
the statistical properties of a periodogram independently of the characteristics of noise (e.g. colored and/or non-stationary), as well as

the characteristics of sampling.

Key words. methods: data analysis — methods: statistical

1. Introduction

Spectral analysis is a popular tool for testing whether a given
experimental time series {x(#), x(¢1), ..., x(fy—1)} contains only
noise, i.e. x(¢;) = n(t;), or whether some other component s() is
present, i.e. x(f) = s(t) + n(¢). The classic approach is to fit the
time series with the model function

N-1

x(t) = ) axcos (2ufit)) + bisin Qrfit)) + (), %)
k=0

j=0,1,...,M—1.1If, for example, a periodic component s(¢) is

present with a frequency f; close to one in the set {f;}, then the
periodogram {p;},

Pr = a; + b, k=0,1,....N—1, (2)
will show a prominent peak close to k = [. If s(7) is semi-periodic
or even non-periodic, the situation is more complicated since
more peaks are expected. The main problem with the use of
this technique is the definition of a detection threshold that fixes
the contribution of noise in such a way that, when a peak ex-
ceeds it, the presence of a component s(¢) can be claimed. In
the case of signals sampled on a regular time grid, the deter-
mination of such a threshold is a relatively simple procedure,
but this is not the case when the condition of regularity does
not apply. In this respect, several solutions have been proposed
(see Lomb 1976; Ferraz-Mello 1981; Scargle 1982; Gilliland &
Baliunas 1987; Reegen 2007; Zechmeister & Kiirster 2009, and
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references therein) that, however, work only under rather restric-
tive conditions (e.g. white and/or stationary noise) and are diffi-
cult to extend to more general situations.

In this paper, a general formalism is presented that allows
analysis of the statistical properties of periodograms indepen-
dently of the specific characteristics of the noise and the sam-
pling of the signal. In Sect. 2 the formalism is presented for the
case of even sampling and its extension to arbitrary sampling in
Sect. 3. The usefulness of the proposed formalism is illustrated
in Sect. 4, where the case of white noise with a mean differ-
ent from zero and that of colored noise is calculated. In Sect. 5
the relationship between the periodogram and the least-squares
method is considered. Finally, on the basis of simulated signals
and a real time series, we discuss in Sect. 6 whether the use of al-
gorithms specifically developed for computing the periodogram
of unevenly-sampled time series is really advantageous.

2. Periodogram analysis in the case
of even sampling

If a continuous signal x(¢) is sampled on a set of N equispaced
time instants fo, t1, ..., Iy-1, @ time series x;, j = 0,1,...,N — 1
is obtained. Its discrete Fourier transform (DFT) is given by

— 1 © 12k j/N
= — Y xje kN LLN-1, 3)
\/NJZ_(; !
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with i = V-1. The sequence {x;} can be recovered from {x;} by
means of

N-1
1 = 2nkj/N .
xXj=—= ) xe™, j=0,1,...,N—1. “)
)
The set {k/N}¥- provides the so-called Fourier frequencies.
Implicit in the use of DFT is the assumption that {x;} is a pe-
riodic sequence with period NAr where At = t,; — t;.

In matrix notation, Egs. (3) and (4) can be written in the form

¥ =Fx )
and
x =F7x (6)

Here, x and ¥ are column arrays that contain, respectively, the
sequences {x;} and {x;}, and F is the so-called “Fourier matrix”,
which is an N x N square, symmetric matrix whose (k, j)-entry'
is given by

|
ij — e 127rkj/N.

VN

The superscript “*” denotes the complex conjugate transpose.
Matrix F is unitary, i.e.,

)

FF* =FF =1, @®)
with I the identity matrix. Another useful property is that
FF=F'F=FF =F'F' =H ©)
with
100---000
000---010
000 100
H=|. . . (10)
001---000
010---000
By means of Eq. (9) it can be shown that
FyxF; = FyF; = FxF] = F3F] =0, (1D

where Fx = R[F] and F; = 7[F] and where R[.] and 1[.] are
the real and the imaginary parts of a complex quantity. Indeed,

FF = FyFy + F;F; + i2FgF; = H, (12)
and H is a real matrix, hence Eq. (11) has to hold. From Eq. (3) it
is also possible to see that Xy is a real quantity. In the case that N
is an even number, the same holds for Xy, where Ny = [N/2]
and [z] represents the smallest integer greater than z. Finally,
dealing with X, only half of this array can be considered, since

XNk =X, k=1,2,...,N; —612VN1_,Where 6{ = 1ifi = jand zero

otherwise. With this notation, the periodogram of x is defined as
P = 2R[E 1 + IT1x1) = 2[5 1%,

k=0,1,....N: =1, (13)

! In the following, the element in the nth row and mth column of an
N x M matrix A will be indicated with A,,,, or alternatively with (A),,,
n=0,1,...N-1,m=0,1,..., M-1.
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where ¥, is the kth entry of the array XT = [)?(),EC\],...,YNT_l]Z
and |.| denotes the Fuclidean norm. By means of

~_[%x )

z=(=" ),
( Xr

a column array obtained by the column concatenation of Xy =

R[Xx] and X, = I[X], Eq. (13) can be rewritten in the form

(14)

Pi = 23 + 7 ) (15)

In Sect. 5 it is shown that this periodogram is equivalent to that
obtainable by means the least-squares fit of model (1) with M =
N,t; = jand f; = k/N.

An important point to stress is that, if x is the realization of a
(not necessarily Gaussian) random process, then each’x, is given
by the sum of N random variables. This is because of the linear-
ity of the Fourier operator F. Thanks to the central limit theo-
rem, therefore, the entries of X can be expected to be Gaussian
random quantities. As a consequence, the entries of Z can also
be expected to be Gaussian random quantities with covariance

matrix Cz = E[ZZ" | given by

T T
ExCely FxCiFr)
EijE% E]CXE]

k=0,1,...,Ns — 1.

CG= (16)

Here, E[.] denotes the expectation operator, C, = E[xxT] is the
covariance matrix of x, and F the matrix obtained by the first
N; rows of the Fourier matrix F. From Eqgs. (16) and (11), it is
easy to deduce that, if x is the realization of a standard white-
noise process, i.e., C, = I, then C; is a diagonal matrix with
(Co11 = 1, (Cov.v, = 0 and (Coi = 0.5. In other words, the
entries of Z are mutually uncorrelated. In turn, this means that
R[x,] is uncorrelated with 7[x,]. If x is a colored (not neces-
sarily stationary) noise process, i.e. Cy is not a diagonal matrix,
then this holds also for Cz. However, from x it is possible to
obtain an array y containing mutually uncorrelated entries by
means of the transformation

y=C;'"’x. (17)
The matrix C;'/* can be computed via
Cc.'?=u"x"U (18)

with U the orthogonal matrix whose columns contain the eigen-
vectors of C, and X a diagonal matrix containing the correspond-
ing eigenvalues {/11}5\; 61. This decomposition is particularly sim-
ple and computationally efficient if Cy is a circulant matrix since
it can be diagonalized according to

C, = Fdiag[Fc]F, (19)

where “diag[q]” denotes a diagonal matrix whose diagonal en-
tries are given by the array g and c is the first column of C,.
Because of this, the decomposition (18) can be directly com-
puted with U = F and £ = diag[c]; hence, y = F*X~Y2F. This
means that the whitening operation can be performed in the har-
monic domain through the following procedure: a) computation
of X, i.e. the DFT of x; b) computation of {y;} = {Yk//l,i/z}; and
¢) the inverse DFT of 7. A potential difficulty in using trans-
formation (17) is that C, is required to be of full rank. Such a

2 From now on, if r is an N x 1 column array, then r is a col-
umn array that contains the first Ny = [N/2] entries of r, i.e. r =
[0, 715 ..o Ty 1. Similarly, if A is an N x M matrix, then A is a matrix
that contains the first N; rows of A.
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condition can be expected to be satisfied in most practical appli-
cations. Some problems can arise if the time step of the sampling
is much shorter than the decorrelation time of #n°. Indeed, some
columns (and therefore some rows) of C could almost be iden-
tical i.e., this matrix could become numerically ill-conditioned.
In this case, the most natural solution consists of averaging the
data that are close in time.

When the periodogram is used to test whether x = n vs.
X = s+ n, a threshold L, has to be defined such that, with a pre-
fixed probability, a peak in py that exceeds L5, can be expected
to not arise because of the noise. This requires knowledge of
the statistical properties of p under the hypothesis that x = n.
The simplest situation is when = is the realization of a standard
white-noise process. In fact, since the entries of Z are uncorre-
lated random Gaussian quantities, from Eq. (15) it can be derived
that the entries of p are (asymptotically) independent quantities
distributed according to a /\{% distribution*. As a consequence, in-
dependent of the frequency k, a threshold Lg, can be determined
that corresponds to the level that a peak due to the noise would
exceed with a prefixed probability @ when a number N of (sta-
tistically independent) frequencies are inspected. More specifi-
cally, Lr, is the highest value for which 1-[1-exp(-L;)1" < &
(Scargle 1982), in formula

Ly = sup {1 = [1 —exp (L)1" < o} (20)
L‘

Pk

If the entire periodogram is inspected, then Ny = N;. Commonly,
L, is called the level of false alarm.

Threshold (20) is not applicable when the noise is colored.
However, the requirement to fix a different level for each fre-
quency can be avoided if the original signal x is transformed into

y=C,'"x. Q1)

Indeed, under the hypothesis that x = n, the entries of y are un-
correlated and unit-variance random quantities. As seen above,
this operation should not be difficult. Some problems emerge if
the decomposition (18) is carried out by means of the efficient
DFT approach described above (a necessary approach in the case
of very long sequences of data). This is because, in forming C,,,
it is necessary to take the periodicity of the sequence x forced
by the DFT into account. In other words, it is necessary to im-
pose a spurious correlation among the first and the last entries
in n. For instance, for a stationary noise process, C, is a Toeplitz
matrix, but it has to be approximated with a circulant one. When
dealing with sampled signals, this is an unavoidable problem that
no technique can completely solve. A classical solution to reliev-
ing this situation is the windowing method, i.e., the substitution
of x; in Eq. (3) with n;x;, where {r;} is some prefixed discrete
function (window) that makes the signal gently reduce to zero
at the extreme of the sampling interval (e.g. see Oppenheim &
Shafer 1989). This method can be expected to work satisfacto-
rily only when the decorrelation time of noise is shorter than the
length of the signal.

3. Periodogram analysis in the case of uneven
sampling

If a signal x(7) is sampled on an uneven set of time instants,
some problems emerge: it is no longer possible to define a set of

3 The decorrelation time of a random signal n(¢) is the time interval At
such that two values n(t) and n(t,), with t, — t; = At, can be considered
as uncorrelated.

* x5 denotes the chi-square distribution with two degrees of freedom.

“natural” frequencies such as those obtained by the Fourier
transform. In turn, this implies some ambiguities in the definition
of the Nyquist frequency that, loosely speaking, corresponds to
the highest frequencies that contain information on the signal of
interest (e.g. see Vio et al. 2000; Koen 2006). As a consequence,
Eq. (3) has to be modified. In the following, with no loss of gen-
erality, it is assumed that x(¢) is sampled at M arbitrary time
instants tg, t1, ..., ty—1 withtg = 0, ty_1 = M —1 and the remain-
ing ¢; arbitrarily distributed within this interval. Moreover, a set
of N frequencies k = 0,1,..., N — 1 is considered with N Z M.
Such a set corresponds to the frequencies that are typically in-
spected when looking for a periodicity. However, others can be
chosen. With these conditions, a transformation corresponding
to the one given by Eq. (5) is

X=%x, (22)
where

1 A
ﬂj - e—lZﬂkt,'/N’ (23)

VM

fj =tj/Ant, Ayt = ymin[{t;,1 — t;}] and y is a real positive num-
ber. Because of the normalization by A,,z, time 7; is expressed in
units of the shortest sampling time interval. Apart from the sub-
stitution of the Fourier matrix F with ¥, the uneven sampling
of signals does not modify the formalism introduced in the pre-
vious section. In particular, the covariance matrix Cz defined in
Eq. (16) becomes

G

T T
_ (T xCT Z%fo{)_ (24)

= g

s
The N x M Fourier matrix ¥ does not have the proper-
ties (8)—(12). As consequence, and also in the case that x is the
realization of a standard white-noise process i.e. C, = I, ma-
trix Cz,

FuFy T
O e 25)
FiIs F.95;
is not diagonal. In general, Gz is not even diagonalizable. For ex-
ample, this happens when the periodogram of a time series con-
taining M data is computed on N frequencies with N > M (a typ-
ical situation in practical applications). This implies that the
entries of Z cannot be made mutually uncorrelated. Obviously,
the same holds for the entries of pas given by Eq. (15). As a con-
sequence, although a number N of frequencies are considered
in P, at most only M/2 of them are statistically independent’.
Particularly troublesome is that, for a given frequency k, R[x, ],
and I[x,] (i.e. Zx and Zy,4) are also correlated. This makes it
difficult to fix the statistical characteristics of py. In this respect,
two choices are possible. The first consists in the determina-
tion, for each frequency, of the PDF of pj. Actually, this is a
rather involved approach, because 7, and ?N,1_+k have variance
()i and (G, +k.n:+k» respectively, and covariance (Coi v, +k-
Therefore, once z; and ’ZNTJ,;( are normalized to unit variance,
each py is given by the sum of two correlated X% random quan-
tities. Although available in analytical form (Simon 2006), the
resulting PDF is rather complex and hence difficult to handle

5 This is because, if N > M, the rank of the N x N matrix Cz is smaller

than or equal to M. This implies that the array Z has at most M degrees
of freedom. Since each entry of pis given by the sum of two entries
of Z, then a periodogram has at most M/2 degrees of freedom.
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(for an alternative approach, see Reegen 2007). Moreover, there
is the additional problem that L3 changes with k. A simpler al-
ternative is the use of two uncorrelated and unit-variance random
quantities, Uy and Uy, 1, obtained through the transformation

— —1/2 —_
v=X_ 20,7, (26)
Hpre, 7= [’sz’ﬁNﬁk],Tzf = [/Z\k:Z\NTH(].: 211/2 is a diagonal ma-
trix whose entries are given by the reciprocal of the square root
of the non-zero eigenvalues of the covariance matrix

(e (CDivyk
C, = , 27
(CDiNtk (CDN+kN 4k

zero otherwise, and U, is an orthogonal matrix that contains the
corresponding eigenvectors®. Indeed, if the periodogram is de-
fined as

Pe=U + Uy k=01, N; - 1, (28)
then each p; is given by the sum of two independent,
unit-variance, Gaussian random quantities. As a consequence,
the corresponding PDF is, independently of k, a /\{% whose cumu-
lative distribution function (CDF) is the exponential function.
This permits determining the statistical significance of py for a
specified frequency k. Things become more complex if Ny fre-
quencies are inspected when looking for a peak. Indeed, also af-
ter the operation (26), it happens that E[p;p;] # 0 for k # [, i.e.,
the frequencies of the periodogram remain mutually correlated.
This is an unavoidable problem. Because of it, Ny does not cor-
respond to the number of independent frequencies, so the level of
false alarm (20) cannot be computed. However, since Ly, is the
same for all the frequencies, an upper limit can be fixed for Lg,
by setting Ny = [M/2]. The periodogram obtained by means of
Eq. (28) corresponds to the original Lomb-Scargle periodogram.

Since the transformation (17) does not depend on the char-
acteristics of the signal sampling, the strategy of following in the
case that x is the realization of (not necessarily stationary) col-
ored noise is simply the one in Sect. 2 i.e. transformation of x
to an array y with uncorrelated entries. After that, the Lomb-
Scargle periodogram can be computed. It is worth noticing that
this simple result has been possible thanks to a formulation of
the problem in the time domain and the use of the matrix no-
tation. The same results could have been obtained by following
the popular approach of working in the harmonic domain but at
the price of a much more difficult derivation.

4. Two examples

To illustrate the usefulness and the simplicity of the proposed
formalism in handling different situations from the classical
ones, we show two examples in this section.

The first consists of a periodogram of a mean-subtracted time
series. The evaluation of the reliability of a peak in the peri-
odogram of a signal x requires that (under the null hypothesis
x = n) n be the realization of a zero-mean noise process. In
most experimental situations, this condition is not fulfilled and
one works with a centered (i.e. mean-subtracted) version y of x.
This, however, introduces some (often neglected) problems. The

% The diagonal elements A; and A, of X, can be trivially computed
through the solution of the quadratic equation 4> —tr[C, ] +det[C,] = 0,
with tr[.] and det[.] denoting the trace and determinant operators. The
arrays u; and u,, which constitute the columns of U,, can be obtained
by solving the equations (C, — ,Du; = 0,1 =1,2.
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case where x is the realization of a discrete white noise process
with variance o2 has been considered several times in the litera-
ture. An example is the paper by Zechmeister & Kiirster (2009)
where a rather elaborate solution is presented. With the approach
proposed here, a simpler solution can be obtained if one takes
into consideration that the subtraction of the mean from x forces
a spurious correlation among the entries of y in such a way that
the covariance matrix C, = E[xx"] is given by

1
C, =cl1-—],
X x M
where M is number of entries of x and 1 an M X M matrix with
every entry equal to unity. Since this matrix is singular, it cannot

be diagonalized and therefore y cannot be whitened. In any case,
if in Eq. (24) matrix Cy is substituted for C, and one sets

(29)

—_

~ (X
z=(="),
Ay

(30)

then it is a trivial matter to decorrelate 7; and 'ZN_,AJrk by means
of Egs. (26), (27) and to compute the periodogram through
Eq. (28). This result can be easily extend to the case where, be-
cause of measurement errors, each entry of x has its own vari-

ance o-fcj and a weighted mean is subtracted from the data se-

quence i-e'/\/j =Xxj— Zl njxl/ Zl n, with n = 1/0’3”. Indeed, it is
sufficient to substitute C, as given by Eq. (29) with

1
C, = diag[o?] - —, 31
x 2
where 0% = [0 ,07% ,...,0%, 1" The rest of the procedure re-

mains unmodified.

The second example consists of zero-mean colored noise.
The improvement in the quality of the results obtainable with
the approach presented in the previous section is visible in Fig. 1.
The top left panel shows a discrete signal x; = 0.5 sin 2xf j)+n;,
f = 0.127, simulated on a regular grid of 120 time instants but
with missing data in the ranges [31 70] and [76 115]. Here, n is
the realization of a discrete, zero-mean, colored noise process
whose autocovariance function is given in the top right panel.
From the bottom left panel, it is evident that Lomb-Scargle pe-
riodogram of the original sequence x provides rather ambiguous
results concerning the presence of a sinusoidal component. On
the other hand, such component is well visible in the bottom
right panel that shows the Lomb-Scargle periodogram of the se-

quence y = C;]/zx.

5. Periodogram and least-squares fit of sinusoids

The formalism proposed here is also useful in the context of
more theoretical questions (but with important practical impli-
cations). For example, a point often overlooked in the astronom-
ical literature is the relationship between the periodogram and
the least-squares fit of sine functions. Often these two methods
are believed to be equivalent. Actually, this is true only when
the sampling is regular and the frequencies of the sinusoids are
given by the Fourier ones. Indeed, if t; = fj and f; = k/N,
k=0,1,...,N —1, then Eq. (1) can be written in the form

x—Fa=n, (32)
with

2
= (7)
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Fig. 1. Results concerning the numerical experiment, presented in Sect. 4, on the detection of a sinusoidal component in colored noise. The top left
panel shows an observed time series (blue crosses) obtained through the simulation of signal x = {xj}j.ig with x; = 0.5sin (27 fj) + n;, f = 0.127,
on a regular grid of 120 time instants but with the data in the ranges [31 70] and [76 115]. Here, n (red line) is the realization of a discrete,
zero-mean, colored noise process whose autocovariance function is given in the top right panel. For comparison, the sinusoidal component is
also plotted (green line). The bottom left panel shows the Lomb-Scargle periodogram of the original sequence x computed on 120 frequencies
k =0,1/120,...,119/120, whereas the bottom right panel shows the Lomb-Scargle periodogram corresponding to its whitened version. In both
cases, only the first 60 frequencies are shown and the vertical red line corresponds to the frequency of the sinusoidal component. The horizontal
green line in the bottom panels provides the threshold corresponding to a 0.01 level of false alarm (number of independent frequencies Ny = 60),
i.e. the probability that the periodogram of a pure noise signal exceeds such a threshold by chance is 1%.

and @ = [ao,ai,...,an-1,bo,b1,...,by_1]T. The least-squares  of periodogram computed through Eq. (22) and the least-squares
solution @& of system (32) is given by fit of sine functions has to be expected to give different results.

Moreover, as only under the two above-mentioned conditions
a=(ggH) g, (34) do the sine functions constitute an orthonormal basis, the least-

) ) squares fit of a single sine function per time does not in general
where “ denotes Moore-P enrose pseudo-inverse (Bjorck  nrovide the same result as the simultaneous fit of all the sinusoids
1996). In the case of even sampling, i.e. when 'y = Fx and 4 in Eq. (34) (e.g. see Hamming 1973, p. 450). In particular,
¥ 1 = Fy, it happens that if an unevenly-sampled signal is given by the contribution of two

or more sinusoids, the one-at-a-time fit of a single sine function
a=gx. (35) provides biased results. This also holds for the Lomb-Scargle pe-
riodogram, which is equivalent to the least-squares fit of a single
sinusoid with a specified frequency, with the constraint that the
corresponding coefficients “a” and “b” are uncorrelated (Scargle
1982; Zechmeister & Kiirster 2009).

In other words, coefficients {a;} and {b;}, as given by the least-
squares approach, can be obtained through the DFT of x, be-
cause, as shown by means of Egs. (11), (§)*§ = §. In the
case of uneven sampling, this identity is not fulfilled. Any kind
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Frequency index

Fig. 2. Covariance matrix of the real and the imaginary parts, say R[x,] and I[X,] of the Fourier transform {x;} of an unevenly sampled white-
noise signal x (i.e. matrix C;z as given by Eq. (25)). In particular, x is assumed to be the realization of a zero-mean, unit-variance, white-noise
process sampled at 120 time instants regularly spaced but with 80 missing data. Three different cases have been considered with missing data in
the following ranges: a) [31 110] (top left panel), b) [31 701, and [76 115] (top right panel), ¢) [6 25], [36 75] and [96 115] (bottom left panel).
In a fourth case, the missing data are randomly distributed (bottom right panel). Because of the small size of the figure, it is necessary to stress
that for each panel, none of the prominent diagonal structures visible in the top right, as well in the bottom left quadrant, correspond to the main
diagonal of the quadrant itself (i.e. none of them provide the covariance between R[%,] and 7 [x,] that is seen in Fig. 3).

6. Discussion

As demonstrated in Sect. 3, when noise has arbitrary statisti-
cal characteristics, the computation of the periodogram of an
unevenly-sampled signal requires two steps:

— whitening and standardization of the noise component
(in this way a signal g is obtained);
— computation of the Lomb-Scargle periodogram of y.

The first step, unavoidable even in the case of regular sampling,
is a computationally expensive operation. Therefore, for time
series containing more than a few thousand data points, dedi-
cated algorithms exploiting the specific structure of C, (e.g. of-
ten this matrix is of banded type) have to be developed for
implementing Eq. (21). However, this problem is beyond the
aim of the present paper. The second step is much less time
consuming. Indeed, in the case of time series containing some
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thousands of points and when the periodogram has to be com-
puted on a similar number of frequencies, the direct implemen-
tation of Egs. (22)—(28) results in a few seconds of computation
time only. In other words, in many practical situations, no ded-
icated algorithm is really necessary. However, fast algorithms
have been proposed for very long time series (Press et al. 1992).

The last issue that has to be considered is to which ex-
tent the use of the Lomb-Scargle periodogram is really advan-
tageous. Indeed, the action of the algorithms dealing with un-
even sampling is essentially directed, for each frequency k, to
force pi to be the sum of two independent Gaussian random
quantities. However, although not clearly emphasized, it has al-
ready been pointed out that this operation is not critical (e.g. see
Scargle 1982). It can be expected that a periodogram computed
simply through

P =2, %, (36)
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Fig. 3. Variance of R[] and covariance of R[x,] with I[x,] as a function of the frequency k for the experiments in Fig. 2. The blue line
corresponds to the main diagonal of the top left quadrant in each panel of Fig. 2, whereas the red one corresponds to the main diagonal in the top

right, as well in the bottom left quadrant.

with ¥ = Fy, is often very close to the one given by Eq. (28).
A rigorous demonstration of this fact is difficult because of its
strict dependence on the specific sampling. However, with the
help of some numerical experiments and of the formalism intro-
duced here, some insights are possible. In particular, we consider
the covariance matrix Cz of a white noise signal when sampled
on different uneven time grids.

6.1. Numerical simulations

In our simulations, we take the realization of a zero-mean, unit-
variance, Gaussian white-noise process n sampled on M, =
120 time regularly-spaced instants, but with 80 missing data

(i.e. M = 40). The available signal x can be written in the
form

x=Wn, (37)
W = diag[w], (38)

where W = diag[w] and w is an array whose entries are equal to
one in correspondence to a value of n that is available and zero

otherwise. In this case, Eq. (3) can be written as

x =FWn
=%n,

(39)
(40)

with ¥ = FW. Three different cases have been considered where
the missing data have time indices in the ranges a) [31 110],
b) [31 70] and [76 115], ¢) [6 25], [36 75] and [96 115], whereas
they are randomly distributed in a fourth case. The related co-
variance matrices Cz, computed through Eq. (25) with N = Mj,
are shown in Fig. 2, whereas Fig. 3 displays the correspond-
ing main diagonal of the blocks Z%f; and Z‘P\f} Especially
from Fig. 3 it is evident that, for an arbitrary frequency £, the co-
variance between R[x,] and 7[x,] is quite close to zero. This
means that each entry of p, as given by Eq. (36), can be assumed
to be distributed according to a X%. From Fig. 2 it is also ev-
ident that, in the case of gaps present in the sampling pattern,
there are nearby frequencies k and [ for which not only R[Xx,]
and R[x,] are mutually correlated, but also R[x,] with 7[x;] and
R[x,] with ITx,]. These correlations, especially those between
the real and the imaginary components, disappear in the case of
random sampling.
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6.2. Interpretation of the results of the simulations

To understand these results, it is necessary to take into account
that Eq. (39) can be rewritten in the form

X = FWF'Fn,

= Wn.

As W is a (singular) diagonal matrix, Wisa (singular) circulant
matrix. This implies that X is given by the circular convolution
of 7 (the DFT of the original signal, inclusive of the missing
data) with the spectral window w (the DFT of the sampling pat-
tern). Since for two arbitrary frequencies, say k and I/, R[n,],
I[n], Rln], and 7[n,] are mutually independent, any correla-
tion existing between R[x,], 7[x,], R[X,], and 7[x,] is induced
by the correlation between the entries of R[w] and 7 [w]. Now,
as shown in Fig. 4, in the presence of gaps the real and the imag-
inary parts of w are both only significantly different from zero in
a narrow interval of frequencies surrounding the origin, i.e., cor-
responding to the lowest frequencies (w can be interpreted as
low-pass filter). This produces the correlations observed among
R[x.], R[], R[x,] and I[x,] for nearby frequencies k and /.
On the other hand, in the case of random sampling @ mimics the
behaviour of white noise, making the correlations less important.

(41)
(42)
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Moreover, Fig. 5 shows that, in the case of sampling with gaps,
the cross-correlation between R [w] with I [w] is significant but
not centered at zero lag. This explains why the quantities R[X, ]
and IXx)], k # [ can be strongly correlated in spite of the small
correlation between R[X,] and 7[x,]. Similar arguments also
hold for the case of sampling with periodic gaps (rather com-
mon in astronomical experiments). Indeed, in practical appli-
cations the period of these gaps is somewhat smaller than the
mean sampling time step of an uninterrupted sequence of data.
As a consequence, both *R[w] and 7 [w] present a sharp and nar-
row peak in correspondence to a frequency close to the origin.
Actually, the spectral window of a sampling with periodic gaps
is also characterized by the presence of aliases. However, these
aliases too are sharp and narrow, and their importance decreases
for increasing frequencies. The combination of these facts leads
again to the quantities R[x,], R[x,], R[x,], and 7[x,] almost
being uncorrelated if the frequencies k and [ are not sufficiently
close enough. Moreover, since with periodic gaps the cross-
correlation between R [w] with 7 [w] can also be significant, but
not centered on zero lag, then for each frequency k the correla-
tion between R[x, ] and 7[x,] is negligible. These considerations
are confirmed by Figs. 6 and 7. Figure 6 displays the covariance
matrix Gz, computed through Eq. (25), of a discrete zero-mean,


http://dexter.edpsciences.org/applet.php?DOI=10.1051/0004-6361/201014079&pdf_id=4

R. Vio et al.: Periodogram analysis of unevenly-sampled signals

One gap

Cross—correlation

~20

-10 0 10 20
Lag

Three gaps

Cross—correlation

-10 0 10 20
Lag

-20

Two gaps
C
9
I
o
o}
(&]
b
[0}
o
&}
-20 -10 0 10 20
Lag
Random gaps
c
9
©
Q
S
7
(]
(%]
o
o

-10 0 10 20
Lag
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corresponds to the point (0, 0).

unit-variance, and white-noise process sampled on 600 time in-
stants randomly distributed (i.e. not rebinned) along six cycles
(i.e. 100 points per cycle) of the sampling pattern shown in the
bottom panel of Fig. 7; 1200 frequencies have been considered.
The top panel of Fig. 7 displays the main diagonal of the blocks

f%f; and f%f}'

The numerical simulations indicate that the consequences of
unevenly-sampled data seem to concern the number of indepen-
dent frequencies in p rather than the correlation between R[x, ]
and its imaginary counterpart 7[X,]. At present, no general
method has been developed to deal with this problem. However,
it has been pointed out in the literature that the number of in-
dependent frequencies is not a critical parameter to test the sig-
nificance level of a peak in p. In particular, empirical arguments
indicate that this number can be safely set to M/2 (e.g. see Press
et al. 1992). The conclusion is that forcing each entry of p'to be
the sum of two independent Gaussian quantities only has minor
effects. This is shown by Fig. 8 where the top panel shows that
the Lomb-Scargle periodogram of the time series with periodic
gaps considered above is quite similar to that provided simply
by pr = 2[x,|* with ¥ = Fx. This is evident in the bottom panel

of the same figure where the similarity of the two periodiograms
is demonstrated by their absolute difference.

A final point to underline, which has important practical im-
plications, is that for long time series the small differences vis-
ible in Fig. 8 should decrease. Indeed, as seen above, py will
be significantly correlated with p; only if the two frequencies k
and [ are close enough. The only exception is represented by the
frequencies at the extremes of the frequency domain where the
assumption of periodic signal intrinsic to DFT forces a spuri-
ous correlation. For longer and longer time series, this spurious
correlation will affect a smaller and smaller fraction of frequen-
cies and, as consequence, a larger and larger fraction of them
will be mutually independent. This is shown in Fig. 9 where,
in the context of the previous experiment, the mean absolute dif-
ference between the two periodograms is plotted as a function
of N, the number of cyclic sampling patterns (Ns = 6 in Fig. 8).
This argument also explains why in many practical situations the
number of independent frequencies can be safely fixed to M/2.
In conclusion, only in the case of signals that contain a small
number of data, the Lomb-Scargle periodogram can be expected
to exhibit noticeable differences from the periodogram given by
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according to a cyclic sampling. In total, 1200 frequencies have been
considered (see text in Sect. 6). Bottom panel: cyclic sampling used in
the experiment.

Eq. (36). Often, using it does not change anything. Comparable
results can be expected with less sophisticated approaches.
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6.3. Application to an astronomical time series

As an example of an unsophisticated method able to produce
results similar to those obtainable with the Lomb-Scargle pe-
riodogram, we consider the rebinning of the original time se-
ries on an arbitrarily dense regular time grid (in this way a
signal with a regular sampling is obtained but some data are
missing) followed by applying any of the fast Fourier trans-
form (FFT) algorithms available nowadays. Figure 10 shows an
experimental (mean-subtracted) time series versus its rebinned
version. This time series, which is characterized by rather irreg-
ular sampling, was obtained with the VLA array (Biggs et al.
1999) and consists of polarisation position angle measurements
at an observing frequency of 15 GHz for one of the images of
the double gravitational lens system B0218+357. The original
sequence contains only M = 45 data and it is rebinned on a
regular grid of M, = 92 time instants. In spite of this, as vis-
ible in Fig. 11, the corresponding periodograms, computed on
N = M, equispaced frequencies by means of the Lomb-Scargle
and the FFT approach, are remarkably similar. Here, the highest
frequency approximately corresponds to the Nyquist frequency
that is related to the shortest sampling time step. The main con-
clusion of this example is to point out that, although in the previ-
ous section we stated that use of the Lomb-Scargle periodogram
can be expected to be effective only for time series that contain
a small number of data, this is not a sufficient condition to guar-
antee that the method is truly useful.
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Fig.9. Mean absolute difference 3, |[Apil/Ny (Ni = number of fre-
quencies) between the Lomb-Scargle periodiogram and the classic pe-
riodogram given by py = 2[x, |* as a function of the number N; of cyclic
sampling patterns (Fig. 8 shows the case with Ny = 6).
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Fig.10. Experimental (mean-subtracted) time series containing
45 unevenly-spaced data versus a rebinned version computed on a reg-
ular grid of 92 time instants (data taken from Biggs et al. 1999).
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Fig. 11. Periodograms of the time series shown in Fig. 10. Frequency is
in given in units of the Nyquist frequency corresponding to the shortest
sampling time step. The periodogram of the original time series has
been obtained by means of the Lomb-Scargle method and that of the
rebinned version by means of a classic FFT algorithm.

7. Conclusions

In this paper we worked out a general formalism, based on
the matrix algebra, that is tailored to analysis of the statistical
properties of the Lomb-Scargle periodogram independently of
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the characteristics of the noise and the sampling. With this for-
malism it has become possible to develop a test for the presence
of components of interest in a signal in more general situations
than those considered in the current literature (e.g. when noise is
colored and/or non-stationary). Moreover, we were able to clar-
ify the relationship between the Lomb-Scargle periodogram and
other techniques (e.g. the least-squares fit of sinusoids) and to
fix the conditions under which the use of such method can be
expected to be effective.
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